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NOTATION 

This work was supported under AEC contract AT (40-1)- phases 
n = conditions after n number of cycles 

b = equilibrium change parameter, dimensionless 
AF = standard free energy of reaction, joules 
AH = standard heat of reaction, joules 
K = equilibrium constant given by Equation (2) 
m = dimensionless equilibrium parameter 
M = equilibrium constant in Equation (4) ,  mole/g 
M’ = isotope equilibrium constant analogous to M ,  ml 

n = number of cycles 
R 
AS 
t = time,s 
T = temperature, K 
x = composition of solute in stationary phase, g/g 

solid 
y = composition of solute in mobile phase, g/mole 
Greek Letters 
L = fractional void volume of column, ml void/ml 

p = density, g/ml (for solid) and mole/ml (for gas) 
Subscripts 
0 = refers to initial column conditions 
1,2 = refer to extreme conditions during cycle 

gas/ml solid 

= gas law constant, joules/K 
= standard entropy of reaction, joules/K 

column 
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Viscoelas tic Effect of Polymers on 

Single bubble dynamics is involved in many areas of 
chemical engineering such as evaporative transport of 
mass or energy, polymer processing technology, and foam- 
ing dynamics. Often when the bubbles are formed in en- 
vironments where polymers are present, polymer visco- 
elasticity could significantly affect the bubble behavior 
and in turn the overall flow characteristic. Recently it 
was reported that high molecular weight polymers added 
to water could cause su pression of flow-generated cavita- 

jet and propeller cavitations (Hoyt, 1971). The appear- 
ance of the cavitation bubble was also changed by the 
presence of polymer and the bubbles seemed to collapse 
less violently (Brennen, 1970). While the basic mecha- 
nisms involved in these phenomena are not yet known, it 
was suggested that polymer viscoelasticity may have 
effects on the growth and collapse of individual cavitation 
bubbles. Experiments were carried out earlier to observe 
the growth (Ting and Ellis, 1974) and the collapse (Ellis 
and Ting, 1974) of individual bubbles in polymer solu- 
tions. These experiments indicated that the effect of poly- 
mers on single bubble dynamics seemed to be very small. 
In this report, some theoretical considerations will be 
given to determine the important parameters through 
which polymer viscoelasticity may affect the dynamics of 
single bubbles. 
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tion on blunt-nosed bo B ies (Ellis et al., 1970) as well as 

Single Bubble Dynamics 
ROBERT Y. TlNG 
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ANALYSIS 

Consider the problem of a single bubble growing or 
collapsing in an incompressible liquid of infinite extent. 
The vapor bubble is taken to be spherical at all times 
and gravitational effects are neglected. A thermal equi- 
librium is assumed such that the vapor pressure inside the 
bubble is uniform and equal to the equilibrium vapor 
pressure of the liquid surrounding the bubble at the liquid 
temperature. Spherical coordinates ( r ,  8, 4) are chosen 
with the origin at the center of the bubble which is at 
rest. The only velocity component is in the radial direc- 
tion, which, in order to satisfy the continuity equation, is 
generally given as 

(1) 
Rz ( t ) R ( t  ) 

r2 
t b =  

where A ( t )  is the bubble radius at time t .  The equation 
of motion is 

au au ap  amw 2a,--oee--+6 
p - + p u - = - - + -  + 

at ar ar ar r 
(2) 

where p is the hydrostatic pressure, and a,, oge, and q q ,  
are the normal stres:: con?onents. The Oldroyd 3-constant 
model for a viscoelastic liquid is used (Oldroyd, 1950) 
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where uij, eij and oij are the stress, strain-rate and vorticity 
tensor, respectively. This model was chosen because 
Lwnley (1971) has shown that it may be identified with 
the resulting stress-strain relation derived from the equa- 
tion of motion of isolated polymer molecules based on the 
dumbbell model. Of the material constants in Equation 
(3) ,  r )  is viscosity, A1 a stress relaxation time, and A2 a 
strain relaxation time. 

For the present problem, the field is irrotational. So the 
shear stress components ere, Cree, and ulcp vanish. After a 
transformation to Lagrangian coordinates (Epstein and 
Plesset, 1950) h = [r3 - R ( t ) 3 ] / 3 ,  the normal stress 
components are determined by using Equations (1) and 
(3) 

-+(-+44-)cw=-- h r r  1 R2R h 
dt A1 r3 A1 

r3 

1.9 

and 
grated to give 

= uee. Equations (4) and (5) are readily inte- 

t - t  

urr(h, t )  = - - 4., f e T  R2(C)R(g) 
A1 

{ E3h + R3(g)31/8 (1 + x2MW(h,  g)}dg (6) 
[3h + R3(t)]4/3 

L-t 

where 

Substituting Equations (6) and (7) into Equation (2) 
written in (h, t), and integrating over the range of h from 
0 to w, the result is 

3 R 2a 
p ( A i i  + -+) + 4qF = Pu - Pa - - 

R 

The first term in the integral of Equation (10) is inte- 
grated by parts, and by using the condition R(0) = 0, 
Equation (10) reduces to 

t-t 

The material constants in the Oldroyd model are (Lumley, 
1971) 

r~ = q o ( 1  + CCvI), A1 = A, A2 = A / ( l  + c [TI) (12) 

where A is the terminal relaxation time of polymer solu- 
tions (Zimm, 1956). Thus, Equation ( 11) becomes 

L - t  

Now in the case of c = 0, the bubble equation for ,the 
Newtonian liquid is recovered from Equation (13). The 
viscous damping term is the same as in the Newtonian 
case. The viscoelastic memory integral appears to have 
the opposite sign to the pressure term and hence has an 
effect o€ slowing down either the growth or the collapse. 
It is also noted that the integral is multiplied by a coeffi- 
cient ~oc[r)]/A. Therefore, for a given species of polymer 
at certain concentration (that is, c, A, [q] fixed), the vis- 
coelastic effect is scaled with a Reynolds number. Such an 
effect may be better illustrated by the following analysis: 

By introducing the dimensionless variables R = R/Ro, 
t = t/t', Z = Vt", with t' = &-, AP = IP,, - ~ ~ 1 ,  
Equation (13) becomes 

- 

where the positive and the negative signs in the first term 
on the right-hand side are for the growth and the collapse 
cases, respectively. Three parameters appear in Equation 
(14): Reynolds number Re, Weber number W, and 
Deborah number D. The polymer concentration effect 
enters the problem as a product c[q] in front of the 
integral. This result will now be briefly discussed. 

DISCUSSION 
In both the growth and the collapse experiments re- 

ported earlier (Ting and Ellis, 1974; Ellis and Ting, 
1974), the Reynolds numbers are very high (Re - 0 (104) 
for the collapse case, and Re -0 (5  x 102) for the growth 
case), and W >> 1, D - 0 ( 1) .  Therefore, the magnitude 
of the viscoelastic correction term as well as ,that of the 
viscous damping term is too small compared with the 
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proaches zero. Therefore, the characteristic strain rate 
F / R  in the irrotational field starts from zero and cmtin- 
ues to increase as the bubble closes and the magnitude of 
the viscoelastic correction term in Equation (14) may 
become appreciable. Consequently, the retardation effeot 
becomes more and more pronounced as the bubble gets 
smaller and smaller. 

There is a growing emphasis on the behaviors of poly- 
mers in uniaxial or biaxial elongational flow. In the bubble 
growth or collapse process each fluid element undergoes 
biaxial elongation. Especially near the bubble surface, nor- 
mal stresses will build up to cause the viscoelastic retarda- 
tion. The material will therefore exhibit an effective vis- 
cosity which, sometimes termed elongutwnal ukcosity, 
increases with the extensional rate (H’/R) and may be- 
come much greater than the Newtonian viscosity (Bird 
et al., 1970). The analysis here has led to the consideration 
of a thin film experiment, which hopefully will enable 
one to demonstrate this high viscous effect. The visco- 
elastic response of polymeric materials under such biaxial 
deformations is potentially significant in the fundamental 
understanding of the flow behavior of polymers. 

NOTATION 
c = concentration 
D = Deborah number, X/ta 

= strain rate tensor 2 = Lagrangian coordinate 
Pu = equilibrium vapor pressure 
Pa = ambient pressure 
p = hydrostatic pressure 
r 
R = bubbleradius 
Ro = initial bubble radius 
R = dR/dt 
Re = Reynolds number, pRo2/q,$” 
t = time 
to  
u = radial velocity component 
W = Weber’s number, pRos/2utQ2 
Greek Letten 
q = solution viscosity 
qo = solvent viscosity 
[q]  = intrinsic viscosity 
8 = polar angle 
k = relaxation time 
p = liquid density 
u = surface tension 
uij = stress tensor 
4 = azimuthal angle 
oij = vorticity tensor 

- -  

= radial distance hom the center of the bubble 

- = characteristic collapse time, R,-,dp/~p 

R w.03 
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Fig. 1. Effects of Reynolds number ond polymer viscoelasticity on 

bubble collapse. 
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Fig. 2. Effect of Deboroh number on bubble collapse. 

inertial and pressure terms to be detected by the resolu- 
tion of the experimental techniques employed. 

The effect of polymer viscoelasticity on single bubble 
dynamics may be demonstrated by numerically solving 
for R ( t )  in Equation (14). Since the growth problem 
involves the cooling effect of the liquid layer surrounding 
the bubble (Plesset and Zwick, 1958), it requires more 
detailed analysis and will not be treated here. The retarda- 
tion effect of polymers on bubble collapse is shown in 
Figures 1 and 2. In Figure 1 it is seen that bubble collapse 
is delayed from the Rayleigh inviscid case (Lord Rayleigh, 
1971) as Re decreases. The viscoelastic retardation effect 
is also seen as the non-Newtonian case is compared with 
the Newtonian viscous case ( c [ q ]  = 0) at the same 
Reynolds number. The unstable behavior is probably an 
artifact of the numerical integration technique used and 
may not reflect the true physical process, The effect of 
the Deborah number is shown in Figure 2 for the case 
of Re = 10 and W = lo3. As the Deborah number de- 
creases, the collapse time is further increased from the 
Newtonian case for which the dimensionless collapse time 
is approximately 1.06. The viscoelastic retardation effect 
is ordinarily very small during the early stage of the 

increases as a aP- collapse, But the bubble velocity 
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Separation of Isomers via Thermal Parametric Pumping 
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A recent series of experimental investigations by Chen 
et al. (1972, 1973, 1974a, 1974b, 1974~)  has shown that 
continuous and semicontinuous parametric pumping can 
yield very high separation factors in small equipment in 
a relatively short period of time. In this note we extend 
our investigation to the separation of isomers. The model 
system studied is glucose-fructose-water on a cation ex- 
changer (Bio-Rad AG 50W-X4, calcium form). A com- 
parison is made between the experimental data and the 
calculated results based on the method proposed by Chen 
et al. (1974a). It should be ointed out that sugar mix- 
tures are notoriously difEdt to separate (Hatt and 
Triffett, 1965) and there has never been a thorough study 
done on the separation of glucose and fructose even 
though it might be advantageous industrially in the man- 
ufacture of fructose from sucrose via invert sugar. 

EXPERIMENT 

The experimental apparatus was the same as that used pre- 
viously (Chen et al., 1972). The feed solution was prepared 
using reagent grade fructose and glucose obtained from Fisher 
Scientific Company. Samples for analysis were taken from the 
product streams at the end of each cycle and analyzed by an 
automatic polarimeter. For runs involving the binary systems 
( glucose-water and fructose-water ), the analysis was straight- 
forward and the concentration of solute was linearly propor- 
tional to the polarimeter reading expressed in angular degree, 
that is, RgO = pgqo for glucose and RjO = &qf for fructose 
(curves 1 and 2 of Figure 1). In the case of the ternary 
system, glucose-fructose-water, the analysis was somewhat 
complicated. The RO for total sugars (glucose and fructose) 
was assumed to be the sum of that for glucose and for fructose, 
that is, 

RO = RgO + RfO 

R0 = Bm + ?s(Be - k )  (1) 
where 

1 = 19 + Vf 

pg = 9.614 x 198 
& = -16.796 X 103 

As shown in Equation ( l) ,  for a given qg, a straight line 
results when RO is plotted against q (curve 3 of Figure 1). 
Thus, knowing qa one can determine q from RO using Equa- 
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Fig. 1. Relation of angular degree rotation to concentration at 
ambient temperature (For curve 3, = 277.3 X g moles/cc). 

tion ( I ) ,  and the fructose concentration qf is obtained by sub- 
traction of qg from q. Note that qg may be determined by the 
use of glucostat (Teller, 1956). However, for the present 
study qg was found to be constant and equal to the feed con- 
centration ( see Results and Discussion). 

RESULTS AND DISCUSSION 

The experimental parameters are shown in Table 1 and 

viously derived (Chen et al., 1972, 1973) were use gI.- to 
the data are plotted in Figures 2 to 4. The equations 

calculate the concentration transients, and computed re- 
sults corresponding to the experimental runs are also 
plotted in Figures 2 to 4. These results compare reasonably 
well with the observed values for both continuous and 
semicontinuous pump operations. For continuous pump 
the feed and product streams flow steadily both in upflow 
and downflow cycles, while the semicontinuous pum 
operated batch-wise during upflow and continuously g ”  ur- 
ing downflow. 

Figure 2 illustrates concentration transients for both 
glucose and fructose in water. For glucose <yTR>,,/y,, 




